We study the state consensus problem for linear shift-invariant discrete-time homogeneous multi-agent systems (MASs) over time-varying graphs. A novel approach based on the small gain theorem is proposed to design the consensus control protocols for both neutrally stable and neutrally unstable MASs, assuming the uniformly connected graphs. It is shown that the state consensus can be achieved for neutrally stable MASs under a weak uniform observability condition; for neutrally unstable MASs, the state consensus entails a strong uniform observability condition. Two numerical examples are worked out to illustrate our consensus results.
I. INTRODUCTION
Consensus control has received great attention in the control community since the work of [2] , [15] . It is interesting to observe that most of the published work on consensus control has been focused on continuous-time MASs [22] , [24] , [25] . For discrete-time MASs, the problem of state consensus becomes harder. To be specific, the Laplacian matrix associated with the graph topology plays a key role for the state consensus. Indeed [10] shows that for undirected graphs, the state consensus is hinged on the maximum eigen-ratio of the nonzero eigenvalues of the corresponding Laplacian matrix. This ratio condition can be further improved by a power of two [4] . For the state consensus over time-varying MASs, initial work has been focused on single-integrator MASs over switching topologies [2] , [19] . See also [1] , [6] - [8] , [21] for more recent work. It is worth to mentioning that the latest work [8] provides a very interesting new development on the state consensus for neutrally stable MASs over switching directed graphs: Under a minimum dwell-time condition, and assuming that the graph is uniformly connected, and the associated Laplacian matrix satisfies certain inequality, the state consensus can be shown to hold true. This is the most general result for the state consensus over switching topologies, in the best of our knowledge. However the dwell-time condition and neutrally stable MASs are the two limiting factors.
We are motivated by the development for consensus control of discrete-time MASs over time-varying graphs, and study the same state consensus problem as in the literature over more general time-varying graphs than switching topologies. In addition we allow the MAS to have neutrally unstable dynamics. A new approach based on the small gain theorem is proposed in this paper to tackle the state consensus problem, and develop the consensus control protocols. Assuming the same directed graphs as in [8] but without the dwell-time constraint, we will show that the state consensus can be achieved for the neutrally stable MAS under a weak uniform observability condition. For neutrally unstable MASs, state consensus entails a strong uniform observability condition. The effectiveness of our proposed consensus control protocols is illustrated by two simulation examples.
Our paper is organized as follows. Section II provides the problem formulation for the state consensus over timevarying graphs. Section III presents the consensus results for neutrally stable MASs, while Section IV presents the consensus result for neutrally unstable MASs. Our state consensus results are illustrated by two numerical examples. The paper is concluded in Section V. The notation is fairly standard with R/C standing for the set of real/complex numbers. For a matrix M with real or complex entries, its maximum singular value is denoted by σ(M ). If M is square, its ith eigenvalue is denoted by λ i (M ). A matrix A ∈ R n×n is said to be Schur stable, if all its eigenvalues lie strictly inside the unit circle. For more general square matrix A, its Mahler measure is defined by
Let T (z) be a stable transfer matrix. Its H ∞ norm is bounded, and define by
Other notation will be made clear as we proceed.
II. PROBLEM FORMULATION
The homogeneous MAS under our consideration consists of N discrete-time dynamic systems described by
where x i (k) ∈ R n is the state vector, u i (k) ∈ R m is the control input, and x i0 is the initial condition of the ith node agent system for each i ∈ N := {1, · · · , N }. The following assumption is made without loss of generality [8] , [10] .
Aassumption (A) All eigenvalues of A lie on the unit circle, and the pair (A, B) is reachable.
For leaderless state consensus, we consider the distributed control protocol under state feedback:
with µ > 0 some constant, and F ∈ R m×n the state feedback gain to be specified later, assuming the accessability of all the state vectors. The double array sequence {a i,j (k)} represents the edge gains of the time-varying feedback graph, denoted by G(k), with a i,j (k) ≥ 0 being the edge gain from the jth node agent system to the ith node agent system. By convention, a i,i (k) = 0 for all i ∈ N . Let x(k) = vec{x 1 (k), . . . , x N (k)} be the global state vector. The feedback MAS described by (3) and (4) admits the state space description
with L(k) being the Laplacian matrix associated with the time-varying digraph G(k). The state consensus control requires design of the state feedback gain F to achieve
By convention, eigenvalues of L(k) are arranged in the ascending order according to their absolute values, i.e.,
The average of the Laplacian matrix
The graph G Tc (k) corresponding to the average Laplacian matrix L Tc (k) can be interpreted as the union graph over time interval [k, k + T c ). The notion of the uniformly connected graph is defined next. 
The following assumption is made on the Laplacian matrix, which is borrowed from [8] .
for some µ > 0, and µ in (4) satisfies 0 < µ < µ.
If the time-varying graph G(k) is undirected satisfying λ N {L(k)} ≤ 2 for all k ≥ 0, then Assumption (L) holds with µ = 1. Note that λ N {L(k)} ≤ 2 holds, if all diagonal elements L(k) are bounded by 1.
form an orthonormal basis for R N . Denote
Assumption (L) implies that ℓ(k) = 0 ∀ k ≥ 0, although the corresponding digraph G(k) may not be a balanced time-varying graph, as pointed out and discussed in [8] . There also holds
Applying the similarity transformation S = V ′ ⊗ I n to the global state vector x(k) yields
where
is the average state vector at time k with x(k) given by
The next result can be deduced based on the known results under Assumption (L) that implies ℓ(k) = 0 ∀k ≥ 0. (6) , if and only if the dynamic system described in (10b) is asymptotically stable.
Lemma 1 Under Assumption (L), feedback MAS (5) achieves the state consensus as defined in

Remark 2
The time-varying dynamic system described in (10b) can be written equivalently as
Then system (11) has the feedback form as illustrated next:
The state consensus as formulated in this section is now equivalent to the asymptotic stability of the time-varying feedback system in Fig. 1 , in light of Lemma 1.
Clearly, the observability of (F, A) and reachability of (A, B) do not ensure the feedback stabilizability, due to the time-varying nature of L m (k) in the feedback path. The following weak notion is crucial.
Definition 2 The pair { L m (k) F , A} is (weakly) uniformly observable, if there exists an integer
Under Assumption (A), all eigenvalues of A lie on the unit circle. If A has only semi-simple eigenvalues, then the open-loop system represented by G(z) is neutrally stable; Otherwise the open-loop system represented by G(z) is neutrally unstable. We examine two different designs of the state feedback gain F for achieving the state consensus that is equivalent to stabilization of the time-varying feedback system in Fig. 1 in the next two sections, respectively.
III. NEUTRALLY STABLE MAS
Under Assumption (A), the dynamic system represented by G(z) = F (zI − A) −1 B is neutrally stable, if all eigenvalues of A are semi-simple. In this case, the impulse response of G(z) is bounded at all time indices. In this section, we restrict our study to the state feedback gain F specified in the next lemma.
Lemma 2 If under Assumption (A), all eigenvalues of A are semi-simple, then there exists
If F = B ′ XA, then transfer matrix
is positive real (PR) [3] , i.e.,
for almost all |z| ≥ 1, and the pair (F, A) is observable. Moreover (A − BF ) is a Schur stability matrix.
Proof: Under Assumption (A), there exists a nonsingular matrix S a such that S a AS −1 a is block diagonal with each block in the form of either ±1 or
It follows that X = ρS ′ a S a > 0 satisfies (a) of (13) for any ρ > 0. Moreover (b) in (13) can be satisfied by taking an appropriate ρ > 0. To show that G(z) + 1 2 I is PR, we note that for all z ∈ C satisfying |z| ≥ 1, there hold
except at z equal to eigenvalues of A. It is thus concluded that G(z) + 1 2 I is indeed PR. The observability of (F, A) follows from the reachability of (A, B) by noting that both A and X are nonsingular. The Schur stability of (A − BF ) follows from
and the observability of (F, A). Recall that X > 0.
Remark 3
The state feedback gain F as specified in Lemma 2 is basically the same as in [8] except inequality (b) in (13) , which is crucial to proving the PR property of G(z) + 1 2 I. While the observability of (F, A) and the Schur stability of (A − BF ) are similar to those in [8] To make use of the PR property, define
and use variable substitution (11). This results in the state equation
Hence the feedback system in Fig. 1 can be converted equivalently to the feedback system in Fig. 2 where
✒✑ ✓✏
Equivalent feedback system to Fig. 1 The next result shows that transfer matrix T F (z) is bounded real (BR) under the hypotheses of Lemma 2.
Lemma 3 Under Assumption (A) and hypotheses of Lemma 2, T
Proof: The expression of T F (z) in (16) shows that
So T F H∞ = T F H∞ . It is a known fact [5] that
where M (A) is the Mahler measure of matrix A, defined by
To show that the infimum in (17) is achieved by those F specified in Lemma 2, we note first that
We note next the equivalence of T F H∞ = 1 to
The proof of the lemma can then be completed by noting the following equivalence relations:
The last inequality holds in light of Lemma 2.
The main result of this section is the following theorem on the consensus condition. Proof: Under Assumption (A) and hypotheses of Lemma 2, G(z) and thus G(z) are both PR. It follows from Lemma 3 that T F H∞ = 1. For proving the sufficiency, suppose that { L m (k) F , A} is uniformly observable. Then an integer T o > 0 exists such that inequality (12) holds. We claim that, in reference to Fig. 2 , Assumption (L) implies that
The above inequality holds, if we can show that
This is indeed true by the following chain of inequalities: 
with O(k 0 , T o ) the observability gramian defined in (12) , contradicting the hypothesis on the uniform observability.
Since T F H∞ = 1, and ∆ m (k) H∞ < 1, the feedback system in Fig. 2 is asymptotically stable, by the well-known small gain theorem, and thus the state consensus is achieved. Conversely, if the (weak) uniform observability of the pair { L m (k) F , A} does not hold. Then there exists
In this case, u(k) = 0 for all k ≥ k 0 , in reference to Fig. 1 . As a result, the asymptotic stability of the corresponding feedback system does not hold, implying that the state consensus is not achieved. This concludes the proof for the necessity of the weak uniform observability of { L m (k) F , A} for achieving the state consensus.
Remark 4 The hypotheses of Theorem 1 do not include the uniformly connected graph, as defined in Definition 1. The reason lies in the fact that the uniform observability of { L m (k) F , A} implies the uniformly connected feedback graphs. The verification of the uniform observability seems to be difficult. However under Assumption (A) and hypothesis of Lemma 2, unforced state responses for x(k) are periodic. Consequently
requires that L m (k) and thus L(k) change periodically in harmony with those of x(k). Hence a simple way to ensure the (weak) uniform observability condition is to make sure that the time-varying graph is not only uniformly connected, but also change aperiodically, or at least not in harmony with those of x(k). In [8] , this is achieved by considering switching graphs with dwell-time τ greater than or equal to max{2, d 0 } with d 0 > 0 (referred to as the "controllability index" in [8] ) the smallest integer such that the controllability matrix B AB · · · A d0−1 B has the full rank. The uniform observability condition holds for such switching graphs, in light of its necessity by Theorem 1.
Example 1 Simulation studies are carried out for the feedback MAS with random initial conditions. Consider the same example as that in [8] with N = 4 agents without the leader agent where 
It is noted that
for κ ∈ {0, 1, . . .} (the dwell-time τ = 1), where
Basically in each period, node 1 and node 2 communicate each other first, followed by node 2 and node 3, then node 3 and node 4, and finally node 4 and node 1. Therefore the time-varying graph is uniformly connected. In addition Assumption (L) is satisfied with µ = 1 and by taking µ = 0.5. However the state consensus is not achieved, as shown in Fig. 3 . The failure of the state consensus lies in the fact that the uniform observability condition in Theorem 1 fails to hold. Indeed, the observability gramian defined in (12) 
for κ ∈ {0, 1, . . .}. According to [8] , the state consensus is achieved, validated by the following simulation plot. 
Time instant k
Consensus error In light of Theorem 1, the uniform observability condition holds true, which is verified by the following observability gramian computed over the period of 8:
The uniform observability condition in Theorem 1 can also be ensured by eliminating the periodic component of the time-varying graph, in light of Remark 4. This is indeed true. The next figure shows the consensus error when the graph changes randomly among {L i } 3 i=0 with equal probability at each time index k. As a concluding remark, we point out that the uniform observability condition in Theorem 1 holds generically. The exception is when the time-varying graph changes periodically, in harmony with the unforced state responses of G(z), which needs to be prevented in practice.
IV. NEUTRALLY UNSTABLE MAS
The uniform observability condition in Theorem 1 requires that the observability gramian satisfies inequality (12) . However it does not ensure the exponential convergence of the consensus error. For instance, in the case of L(k) = O( 
The above strong version of the uniform observability also plays a key role in achieving the state consensus for neutrally unstable MASs. Specifically, under Assumption (A) when not all eigenvalues of A are semi-simple, the impulse response of G(z) = F (zI − A) −1 B diverges asymptotically. In this case X > 0 satisfying (a) and (b) in (13) of Lemma 2 does not exist. More importantly, the infimum of T F H∞ in (17) is not achievable by any stabilizing F . The following lemma provides an extension to Lemma 2 in order to cope with the neutrally unstable MAS. Its proof is omitted, since it follows from the results in [5] .
Lemma 4 Under Assumption (A)
admits the stabilizing solution X > 0, satisfying B ′ XB < γ 2 I. In this case, T F H∞ < γ holds with
It is interesting to observe that with γ = 1 and ε γ = 0, the state feedback gain F in the above lemma agrees with that in Lemma 2, which helps to achieve the state consensus when A has only semi-simple eigenvalues. The main result of this section is the following theorem concerning the state consensus for the more general case. Lemma 4 for some γ > 1 and ε γ > 0, which is stabilizing and achieves T F H∞ < γ. If there exists an integer T c > 0 and a real number ǫ > 0 such that
Theorem 2 Under Assumptions (A) and (L), let F be designed as in
and γ 1 − ǫµ(µ − µ) ≤ 1, then feedback MAS (10) achieves the state consensus.
Proof: Assumption (L) being true implies that the dimension reduced Laplacian matrix satisfies inequality (8) . Note that µ ≤ 1 with equality for undirected time-varying graphs. In addition ǫ > 0 in Definition 2 ′ is necessarily strictly smaller than 1. Hence 1 − ǫµ(µ − µ)] < 1. Recall that the state consensus for the feedback MAS described in (5) is equivalent to the asymptotic stability of the feedback system in Fig. 1 . In reference to Fig. 2 that is equivalent to Fig. 1 , there holds
in light of the proof of Theorem 1 and inequality (24) . It follows that, again in reference to Fig. 2 ,
Therefore T F H∞ ∆ m H∞ < γδ ≤ 1 by the hypothesis that T F H∞ < γ. The asymptotic stability of the feedback system in Fig. 2 follows from the well-known small gain theorem, thereby concluding the proof.
It is important to observe that inequality (24) is not likely to hold under the notion of the uniform observability in Definition 2. This is why a stronger notion in Definition 2 ′ is entailed, which also prevents L(k) from decaying to zero asymptotically, and ensures the exponential convergence for the consensus error.
Remark 5 Theoretically, for any γ > 1, there exists the stabilizing solution X > 0 to ARE (22) , satisfying B ′ XB < γ 2 I, provided that ε γ > 0 is sufficiently small. However small ε γ values lead to low feedback gains of F , and thus long convergence time for the state consensus errors. In addition, there is a lower limit for ε γ in practice, due to the numerical precision. Hence γ and T F H∞ cannot be arbitrarily close to one. Consequently the condition γδ < 1 may not hold in practice, if ǫ > 0 is too small, or if ε γ > 0 is too small to exist numerically in Lemma 4 for computing the stabilizing solution X > 0 to ARE (22) and satisfying B ′ XB < γ 2 I.
Example 2 Suppose that the MAS is the same as in Example 1, except that A and B are replaced by
Clearly the three eigenvalues of A are all at 1, and they are not semi-simple. Hence there does not exist F such that T F H∞ = 1. By taking γ = 1.1 and ε γ = 10 −5 , the stabilizing solution X ≥ 0 to ARE (22) satisfying B ′ XB < γ 2 , and the corresponding state feedback gain F in (23) We again consider L(k) that changes periodically as in (20) . It can be verified that the observability gramian O(k, T o ) indeed has the full rank that is 9 with T o = 9. In addition ǫ > 0 satisfying inequality (24) can be estimated numerically for which γδ < 1 holds true. Recall that µ = 1 and µ = 1/2 are used in Example 1. The state consensus errors are shown by Fig. 6 , and converge to zero as expected by Theorem 2. It is commented that use of Theorem 2 to test the small gain condition can be rather conservative. For instance, the next simulation study employs the same F , but
for all positive integers {κ}. In this case, the consensus condition in Theorem 2 fails. Nevertheless T F H∞ ∆ m (k) H∞ < 1 holds. The consensus error curves are shown in Fig. 7 . The above shows that it is better to estimate δ = ∆ m (k) H∞ directly. Moreover, the state consensus takes longer time to achieve than the previous case, because the time-varying graph takes twice time intervals to satisfy the uniform connectivity condition, and thus the strong uniform observability.
If we use the same F but the time-varying graph is less frequently connected as follows:
Then even the small gain condition T F H∞ ∆ m (k) H∞ < 1 is violated. The consensus error curves diverge as shown in Fig. 8 . The above reveals the fact that the neutrally unstable MAS differs from the neutrally stable MAS. Indeed the unforced responses diverge for the former, and remain bounded for the latter. Hence if the control protocol inputs are frequently absent, then the consensus errors cannot be pulled back to zero anymore, no matter what control protocols are used. It suggests that the time-varying graph needs to be connected more frequently in order to achieve the state consensus. This paper investigates the problem of leaderless state consensus for discrete-time homogeneous MASs under the state feedback control. The problem of leader-following state consensus is not considered due to the page limit, and essentially the same mathematical issues. While the time-varying graphs are the same as in [8] that represents the latest result on the state consensus for discrete-time homogeneous MASs over directed time-varying graphs, we study both neutrally stable and neutrally unstable MASs without the dwell-time constraint for the time-varying topologies. A small gain approach is proposed to develop the control protocols and to achieve the state consensus. For the neutrally stable MAS, the PR property and (weak) uniform observability condition imply the small gain condition and ensure the state consensus. For the neutrally unstable MAS, state consensus requires a stronger notion on the uniform observability; the small gain condition dictates how often the time-varying graph has to be connected in order to achieve the state consensus. Our numerical studies provide insights to why the (weak) uniform observability condition holds generically, and how the (strong) uniform observability and small gain condition can be made true in practice.
